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In an (Anti-) de Sitter space and a charged black hole the Schwinger effect
is either enhanced by the Hawking radiation or suppressed by the negative
curvature. We use the contour integral method to calculate the production
of charged pairs in the global (A)dS space. The charge emission from near-
extremal black hole is found from the AdS geometry near the horizon and
interpreted as the Schwinger effect in a Rindler space with the surface gravity
for the acceleration as well as the Schwinger effect in AdS space.
Keywords: Schwinger Effect, Hawking Radiation, (Anti-) de Sitter space,
Charged Black Hole, Unruh Effect
1. Introduction
A charged Reissner-Nordstro¨m (RN) black hole emits not only the Hawking
radiation of all species of particles due to the horizon but also the Schwinger
emission of charged particles due to the electric field near the horizon, and
thus provides an arena where one may explore the intertwinement between
quantum electrodynamics (QED) and quantum aspect of black holes. The
pair production by a uniform electric field in an (A)dS space also exhibits
the interplay between QED and quantum gravity effect. As summarized in
Fig. 1, vacuum fluctuations produce pairs from the vacuum and the hori-
zon of a black hole or dS space and the electric field physically separate
pairs. The black hole radiation has a thermal distribution with the Hawk-
ing temperature as a Unruh temperature with the surface gravity on the
horizon.1 Cai and Kim show that the Schwinger effect in the (A)dS space
has also a thermal interpretation with a Unruh temperature of accelerating
charges in that space.2 Using the geometry AdS2 × S2 near the horizon of
a near-extremal black hole, Chen et al have explicitly found the Schwinger
effect from the charged black hole.3,4
In this paper, after briefly reviewing the recently introduced contour
integral method,5 we apply it to the pair production by a uniform elec-
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tric field in the global (A)dS2 geometry. Then, using the near-horizon
geometry AdS2 × S2 of a near-extremal black hole, we find the Schwinger
effect from the charged black hole and propose a thermal interpretation of
the charge emission.6,7 In the in-in formalism, the quantum field theory is
extended to the complex plane of time or space and the out-vacuum trans-
ported along a loop starting from the past infinity is distinguished from
the in-vacuum by simple poles of the frequency or momentum in the back-
ground spacetime and/or electromagnetic field.5 Hence, particle production
is characterized and determined by polons, that is, contour integrals of all
homotopy classes of winding number one encircling poles.5,8,9 Differently
from the planar coordinates without any finite pole, a massive scalar field in
the global coordinates has simple poles both at the north and south pole of
the global geometry, whose contributions interfere and result in the Stokes
phenomenon of the dS radiation depending on the spacetime dimension.8
It is investigated whether the Schwinger effect may have such a Stokes phe-
nomenon in the global dS2 geometry. The holographic Schwinger effect is
also studied in the dS space10 and AdS space.11
2. Pair Production via Contour Integrals
In the functional Schro¨dinger picture and the in-in formalism, the in-
vacuum in the past infinity evolves to the future infinity and return to
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Fig. 1. The Schwinger effect and the Gibbons-Hawking radiation in dS from quantum
fluctuations. The temperature for the Unruh effect in (A)dS
2
is Teff =
√
T
2
U
+ R
8pi2
.
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the past infinity, which gives the mean number of pairs5
Nκ =
∣∣∣∑
J
〈0κ, in|0κ, C
(1)
J 〉
2
∣∣∣ = ∣∣∣∑
J
e
−i
∮
C
(1)
J
ωκ(z)dz
∣∣∣. (1)
Here, the quantum evolution is extended to the complex plane and C
(1)
J
denotes distinct contours of winding number one. For instance, the global
dS geometry has simple poles not only at infinity but also at the north and
south poles, which contribute constructively or destructively depending on
whether the spacetime dimension is even or odd.8 On the other hand, the
planar dS space has the simple pole at infinity only and has a nondestructive
radiation with the Gibbons-Hawking temperature. A physical reasoning
may be that the propagator and hence the Hyugens principle exhibits a
different nature. In the in-in formalism, the scattering matrix between
the in-vacuum and another in-vacua tranported along contours C
(n)
J of all
winding numbers gives the vacuum persistence
2ImLeff = ±
∑
κ
∣∣∣∑
J
∑
n
ln(〈0κ, in|0κ, C
(n)
J 〉
2)
∣∣∣ = ±∑
κ
ln(1±Nκ), (2)
where the upper (lower) sign is for scalar (spinor) QED and the mean
number Nκ is determined by the contours of winding number one in Eq.
(1).
3. Schwinger Effect in (A)dS
The production of charged pairs by a uniform electric field in a dS space
exhibits both the Schwinger effect and the Gibbons-Hawking radiation
as shown in Fig. 1.13,14 An AdS space confines virtual pairs and lim-
its the Schwinger pair production through the Breitenlohner-Friedman
bound.2,14,15 Now, we consider the Schwinger effect in the two-dimensional
global dS geometry
ds2 = −dt2 + cosh2(Ht)dx2, (3)
and in the uniform electric field with a vector potential A1 =
−E sinh(Ht)/H . We distinguish the weak-field limit (qE ≪ H2/2) from
the strong-field limit (qE ≫ H2/2), in which the pair production has dif-
ferent characteristics.
First, we consider the weak-field limit (γ > 0, λ > 0 below). Following
Ref. 8, a charged scalar has the time-dependent frequency
ω2(t) = (γH)2 +
(λH)2
cosh2(Ht)
, (4)
October 17, 2018 11:23 WSPC Proceedings - 9in x 6in ICGAC12-SPKim˙09˙28 page 4
4
where
γ =
√( qE
H2
)2
+
m2
H2
−
1
4
, λ =
√
1
4
−
( qE
H2
)2
. (5)
The frequency (4) has two poles at τ = ±iπ/(2H) corresponding to the
north and south pole of the global geometry, which lead to the so-called
Stokes phenomenon of dS radiation.8 As will be shown below, the Schwinger
effect has also the Stokes phenomenon in the weak-field limit. Let us intro-
duce a conformal transformation z = eHt and restrict to a single Riemann
sheet. Then, the contour integral takes the form∮
ω(t)dt = γ
∮
dz
z(z2 + 1)
√
(z − z1)(z − z∗1)(z − z2)(z − z
∗
2), (6)
where
z1 = i
(√
1 +
λ2
γ2
+
λ
γ
)
, z2 = i
(√
1 +
λ2
γ2
−
λ
γ
)
. (7)
The integrand has finite simple poles at z = ±i corresponding to the north
and south pole of the global geometry and another simple pole from z =∞.
The residues at z = ±i take the opposite signs due to the branch cuts.
Summing over four distinct contours of winding number one, we obtain
from Eq. (1)
NdS =
(
e2ipiλ + 2 + e−2ipiλ
)
e−2piγ = 4 cos2(πλ)e−2piγ . (8)
The oscillatory factor is the characteristic of the Stokes phenomenon.
Second, in the strong field limit (γ > 0, λ¯ > 0) the integrand has differ-
ent roots
z
(±)
1 =
λ¯
γ
± i
√
1−
λ¯2
γ2
, z
(±)
2 = −
λ¯
γ
± i
√
1−
λ¯2
γ2
, (9)
where
λ¯ =
√( qE
H2
)2
−
1
4
. (10)
Then, the mean number of pairs from four distinct contours, for instance
Fig. 2, is given by
NdS =
(
e2piλ¯ + 2 + e−2piλ¯
)
e−2piγ = 4 cosh2(πλ¯)e−2piγ . (11)
The mean number (11) is consistent with the exact result from the Bogoli-
ubov transformation using the exact solution.16
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Fig. 2. The frequency (6) for a charged scalar in a uniform electric field and the global
dS2 has two pairs of branch cuts in the complex plane and a pair of simple poles at
z = ±i and another simple pole at z = ∞. The contour includes both poles z = ±i,
whose residues sum vanishes but receives a contribution from z =∞.
Finally, a charged scalar in the global AdS geometry
ds2 = − cosh2(Kx)dt2 + dx2, (12)
and in a vector potential A0 = −E sinh(Kx)/K for the uniform electric
field has the momentum
q2(x) = (γAdSK)
2 −
(λAdSK)
2
cosh2(Kx)
, (13)
where
γAdS =
√( qE
K2
)2
−
m2
K2
−
1
4
, λAdS =
√( qE
K2
)2
+
1
4
. (14)
As for the dS space, four distinct contours contribute to the mean number
NAdS = 4 sinh
2(πλAdS)e
−2piγAdS . (15)
4. Schwinger Effect in Near-Extremal Charged Black Hole
The near-extremal black hole has the near-horizon geometry3,4
ds2 = −
ρ2 −B2
Q2
dτ2 +
Q2
ρ2 −B2
dρ2 +Q2dΩ22, (16)
where the coordinates are stretched as ρ = (r − Q)/ǫ, τ = ǫt and the
deviation of the charge from the mass is measured asM−Q = (ǫB)2/(2Q).
October 17, 2018 11:23 WSPC Proceedings - 9in x 6in ICGAC12-SPKim˙09˙28 page 6
6
The Coulomb potential is A0 = −ρ/Q on the horizon. The geometry (16)
is the planar coordinates of AdS2 × S2. The radial momentum for the
spherical harmonic Ylm and energy ω is given by
S(ρ) =
∫ √(qρ− ωQ)2Q2 − (m2Q2 + (l + 1/2)2)(ρ2 −B2)
ρ2 −B2
dρ. (17)
Note that pairs are produced when the BF bound (Q < l/q) for AdS is
violated.2 Taking a contour of figure eight counterclockwise enclosing ρ = B
and ρ = −B gives the leading term N = e−(Sa−Sb), whereas the exact
formula from the field equation is given by3,4
N =
(
e−(Sa−Sb) − e−(Sa+Sb)
1 + e−(Sa+Sb)
)(
1− e−(Sc−Sa)
1 + e−(Sc−Sb)
)
, (18)
where
Sa = 2πqQ, Sb = 2πqQ
√
1−
(m
q
)2
−
( l + 1/2
qQ
)2
, Sc = 2π
ω
B
Q2. (19)
Interestingly, the mean number of emitted particles consists of three
parts, the Boltzmann amplification factor, the Schwinger effect in AdS2,
and the Schwinger effect in a two-dimensional Rindler space:6,7
N = e
m¯
TCK ×
{
e
−
m¯
TCK − e
−
m¯
T¯CK
1 + e
−
m¯
T¯CK
}
×
{
e
−
m¯
TCK
(
1− e−
ω−qA(rH)
TH
)
1 + e
−
ω−qA(rH)
TH e
−
m¯
TCK
}
. (20)
Here, m¯ =
√
m2 + (l + 1/2)2/Q2, TH is the Hawking temperature, and
TCK and T¯CK are the effective temperature in AdS2 introduced by Cai and
Kim2
TCK = TU +
√
T 2U −
( 1
2πQ
)2
, T¯CK = TU −
√
T 2U −
( 1
2πQ
)2
, (21)
where TU = q/(2πm¯Q) is the Unruh temperature for charge accelerated
by the electric field on the horizon. The Schwinger effect and vacuum
persistence in the Rindler space has been first calculated by Gabriel and
Spindel.17
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